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Abstract
We prove that a complete noncompact Ka¨hler manifold Mnof pos-
itive bisectional curvature satisfying suitable growth conditions is bi-
holomorphic to a pseudoconvex domain of Cn and we show that the
manifold is topologically R2n. In particular, when Mn is a Ka¨hler sur-
face of positive bisectional curvature satisfying certain natural geometric
growth conditions, it is biholomorphic to C2.
1. Introduction
This paper is concerned with complete noncompact Ka¨hler manifolds with
positive bisectional curvature. Let us first recall some results on real Rieman-
nian manifolds with positive sectional curvature. Gromoll and Meyer [GM]
proved that if M is a complete noncompact Riemannian manifold with every-
where positive sectional curvature, then M is diffeomorphic to the Euclidean
space. Later on Greene and Wu [GW] observed that this result readily follows
from the fact that a complete noncompact Riemannian manifold of positive sec-
tional curvature has a strictly convex exhaustion function. And the Busemann
function of Cheeger-Gromoll [CG] directly gives a strictly convex exhaustion
function on a positive curved manifold. A complex manifold is said to be
Stein if it is holomorphically convex and its global holomorphic functions sep-
arate points and give local coordinates at every point. It is well-known that a
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complex Stein manifold can be holomorphically embedded in some Euclidean
space. A result of Grauert [Gr] says that a complex manifold which admits
a smooth strictly plurisubharmonic exhaustion function is Stein. Nonetheless,
in the case of positive bisectional curvature,the Busemann function does not
immediately give rise to a plurisubharmonic exhaustion function because one
does not have the geometric comparison theorem for geodesic distances as in
the case of positive sectional curvature (the Toponogov’s comparison theorem).
This consideration motivated the following conjecture which was formulated
by Siu [Si].
Conjecture I: A complete noncompact Ka¨hler manifold of positive holo-
morphic bisectional curvature is a Stein manifold.
Some results concerning this conjecture were obtained. In [MSY], among
other things, Mok, Siu and Yau proved the following theorem:
Theorem ( Mok-Siu-Yau [MSY] ) LetM be a complete noncompact
Ka¨hler manifold of nonnegative bisectional curvature of complex dimension
n ≥ 2. If the Ricci curvatures are positive and for a fixed base point x0,there
exist positive constants C1, C2 such that
(i) V ol(B(x0, r)) ≥ C1r2n , 0 ≤ r < +∞ ,
(ii)
C−12
1+d(x0,x)2
≤ R(x) ≤ C2
1+d(x0,x)2
, x ∈M ,
where B(x0, r) denotes the geodesic ball of radius r and centered at x0 , R(x)
denotes the scalar curvature and d(x0, x) denotes the distance between x0 and
x. Then M is a Stein manifold.
The method used in Mok-Siu-Yau’s paper is the study of the Poincare´-
Lelong equation on complete noncompact Ka¨hler manifolds. Their result was
improved by Mok [Mo2], where the two-side-bound assumption (ii) was re-
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placed by the one-side-bound assumption:
(ii)
′
R(x) ≤ C2
1 + d(x0, x)2
, x ∈M .
In this paper we further improve their result in the following theorem:
Theorem 1.1 Let M be a complete noncompact Ka¨hler manifold of
nonnegative holomorphic bisectional curvature of complex dimension n ≥ 2.
Suppose for a fixed base point x0 there exist positive constants C1, C2 and
0 < ε < 1 such that
(i) V ol(B(x0, r)) ≥ C1r2n , 0 ≤ r < +∞ ,
(ii) R(x) ≤ C2
1+d(x0,x)1+ε
, x ∈M .
Then M is a Stein manifold.
Our method is the study of the following Ricci flow equation on M :
∂
∂t
gij(t) = −2Rij(t) ,
where gij(t) is a family of metrics, and Rij(t) denotes the Ricci curvature of
gij(t). In [Sh4], Shi established some dedicate decay estimates for the volume
element and the curvatures of the evolving metric gij(t) . Based on Shi’s
estimates we will show the injectivity radius of the evolving metric gij(t) is
getting bigger and bigger and any geodesic ball with radius less than half of
the injectivity radius is almost pseudoconvex. By a perturbation argument ,
we will be able to construct a sequence of pseudoconvex domains of M such
that arbitrary two of these domains form a Runge pair . Then by appealing a
theorem of Markoe [Ma] (see also Siu [Si]), we can deduce that M is Stein.
The Gromoll and Meyer’s theorem is a uniformization theorem in Rieman-
nian geometry category. The analogue in Ka¨hler geometry is the following
well-known conjecture:
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Conjecture II: A complete noncompact Ka¨hler manifold of positive
holomorphic bisectional curvature of complex dimension n is biholomorphic
to Cn.
The first result concerning this conjecture is the following isometrically
embedding theorem of Mok, Siu and Yau [MSY] and Mok [Mo2].
Theorem ( Mok-Siu-Yau [MSY], Mok [Mo2] ) Let M be a com-
plete noncompact Ka¨hler manifold of nonnegative holomorphic bisectional cur-
vature of complex dimension n ≥ 2 . Suppose for a fixed base point x0 :
(i) V ol(B(x0, r)) ≥ C1r2n , 0 ≤ r < +∞ ,
(ii) R(x) ≤ C2
1+d(x0,x)2+ε
, x ∈M ,
for some C1, C2 > 0 and for any arbitrarily small positive constant ε. Then M
is isometrically biholomorphic to Cn with the standard flat metric.
Also in his paper [Mo2], Mok used some algebraic geometrical techniques
to control the holomorphic functions of polynomial growth onM and obtained
the following holomorphic embedding theorem.
Theorem ( Mok [Mo2] ) Let M be a complete noncompact Ka¨hler
manifold of positive holomorphic bisectional curvature of complex dimension
n ≥ 2. Suppose for a fixed base point x0:
(i) V ol(B(x0, r)) ≥ C1r2n , 0 ≤ r < +∞ ,
(ii)′ R(x) ≤ C2
1+d(x0,x)2
, x ∈M ,
for some positive constants C1 and C2.Then M is biholomorphic to an affine
algebraic variety. Moreover in case of n = 2, if the Ka¨hler manifold M is
actually of positive Riemannian sectional curvature, then M is biholomorphic
to C2.
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This result was also improved in [Mo3] and [To]. Instead of the bisectional
curvature, only the positivity of the Ricci curvature was assumed there.
In [Sh2], Shi announced that under the same assumptions as in the above
Mok’s theorem, the Ka¨hler manifoldM is biholomorphic toCn. This is actually
the main theorem of Shi’s Ph.D. thesis [Sh3]. Here we are unwilling to point
out that there exists a gap in the proof [Sh3]. Shi used the Ricci flow to
construct a flat Ka¨hler metric on M. But the flat metric may be incomplete.
Thus one can only get the biholomorphic embedding of M into a domain of
Cn.
In this paper ,with the help of the resolutions of generalised Poincare´ con-
jecture and a gluing argument of Shi [Sh4], we will get the following result.
Theorem 1.2 Under the same assumptions of Theorem1.1, we have
(1) M is diffeomorphic to R2n if n > 2, M is homeomorphic to R4 if
n = 2, and
(2) M is biholomorphic to a pseudoconvex domain in Cn.
The part (2) of this result is analogous to the main theorem of Shi in [Sh4],
where the positivity of Riemannian sectional curvature was assumed.
The combination of part (1) of Theorem 1.2 with a theorem of Ramanujam
[R] immediately gives an improvement of the above Mok’s holomorphically
embeddding theorem in dimension n = 2. More precisely, we have:
Corollary 1.3 Let M be a complete noncompact Ka¨hler surface with
positive holomorphic bisectional curvature . Suppose for a fixed base point
x0,there exist constants C1, C2 suth that
(i) V ol(B(x0, r)) ≥ C1r4 , 0 ≤ r < +∞ ,
(ii)′ R(x) ≤ C2
1+d(x0,x)2
, x ∈M .
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Then M is biholomorphic to C2.
The isometrically embedding throrem of Mok, Siu and Yau can be inter-
preted as a gap phenomenon which shows that the metrics of positive holomor-
phic bisectional curvature can not be too close to the flat one.Their method is
to solve the Poincare´-Lelong equation on complete noncompact Ka¨hler mani-
folds where the maximal volume growth condition (i) was assumed. Thus it is
interesting to investigate the gap phenomena on manifolds without maximal
volume growth assumption.
Recently Ni [N] got some results in this direction by improving the argu-
ment of Mok, Siu and Yau [MSY]. In section 4 of this paper , we use Shi
′
s
a priori estimate and the differential Harnack inequality of Cao [Ca] for the
Ricci flow to prove a general version of Mok-Siu-Yau
′
s gap theorem.
Finally in section 5 we will give a remark on the flat metric constructed by
Shi [Sh3].
Acknowledgement We are grateful to Professor L.F. Tam for many
helpful discussions.
2. The Ricci Flow and A Priori Estimates
Let (M, g˜ij) be a complete noncompact Ka¨hler manifold of complex di-
mension n ≥ 2 with bounded and nonnegative holomorphic bisectional curva-
ture . The Ricci flow is the following evolution equation for the metric


∂
∂t
gij(x, t) = −2Rij(x, t) , on M × [0, T ] ,
gij(x, 0) = g˜ij(x) , x ∈M.
(2.1)
Suppose {z1, z2, · · · , zn} is the local holomorphic coordinate system on M
and zk = xk +
√−1xk+n, xk, xk+n ∈ R, k = 1, 2, ...n. Then {x1, x2, · · · , x2n}
is the local real coordinate system on M. We use i, j, k, l to denote the
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indices corresponding to the real vectors and real covectors, α, β, γ, δ, · · ·
the indices corresponding to the holomorphic vectors and covectors. Then the
above Ricci flow equation (2.1) can be written in holomorphic coordinates as


∂
∂t
gαβ(x, t) = −Rαβ(x, t) , on M × [0, T ] ,
gαβ¯(x, 0) = g˜αβ¯(x) , x ∈M.
(2.1)′
From [Sh1] we know that the Ricci flow (2.1) has a maximal solution gij(·, t)
on [0, tmax) with tmax > 0 and the curvature of gij(·, t) becomes unbounded as t
tends to tmax if tmax < +∞ . Since the maximum principle has been well under-
stood for noncompact manifolds, the preserving ka¨hlerity and nonnegativity
of holomorphic bisectional curvature of the Ricci flow (2.1) were essentially
obtained by Hamilton [Ha1] and Mok [Mo1] (see also Shi [Sh4]).
Define a function F (x, t) on M × [0, tmax) as follows
F (x, t) = log
det(gαβ¯(x, t))
det(gαβ¯(x, 0))
. (2.2)
It can be easily obtained from (2.1) that
∂F (x, t)
∂t
= −R(x, t) . (2.3)
Since the holomorphic bisectional curvature of gαβ¯(·, t) is nonnegative, it
follows that F (·, t) is non-increasing in t and F (·, 0) = 0. And by the equation
(2.1) we know that
gαβ¯(·, t) ≤ gαβ¯(·, 0) , on M . (2.4)
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Then by definition , we have
eF (x,t)R(x, t) = gαβ¯(x, t)Rαβ¯(x, t) ·
det(gαβ¯(x, t))
det(gαβ¯(x, 0))
≤ gαβ¯(x, 0)Rαβ¯(x, t)
= gαβ¯(x, 0)(Rαβ¯(x, t)− Rαβ¯(x, 0)) +R(x, 0)
= −gαβ¯(x, 0)∂
2F (x, t)
∂zα∂z¯β
+R(x, 0)
= −∆0F (x, t) +R(x, 0) ,
where ∆0 is the Laplace operator with respect to the initial metric gij(·, 0) .
Combining with (2.3) we obtain
eF (x,t)
∂F (x, t)
∂t
≥ ∆0F (x, t)− R(x, 0) , (2.5)
and
∆0F (x, t) ≤ R(x, 0) , on M × [0, tmax) . (2.6)
In the PDE jargon, if the scalar curvature R(x, 0) of the initial metric
satisfies suitable growth conditions, the differential inequalities (2.5) and (2.6)
will give two opposite estimates of F by its average. Shi [Sh4] observed that
the combination of these two opposite estimates will give the following a priori
estimate for the function F.
Lemma 2.1 (Shi [Sh4]) Suppose (M, g˜αβ¯) is a complete noncompact
Ka¨hler manifold of complex dimension n ≥ 2 with bounded and nonnega-
tive holomorphic bisectional curvature. Suppose there exist positive constants
C1, C2 and 0 < ε < 1 such that for any x0,
(i) R(x, 0) ≤ C1 , x ∈M ,
(ii) 1
V ol(B0(x0,r))
∫
B0(x0,r)
R(x, 0)dV0 ≤ C21+r1+ε , 0 ≤ r < +∞ ,
where B0(x0, r) is the geodesic ball of radius r and centered at x0 with respect
to the metric g˜αβ¯(x). Then the solution of (2.1)
′ satisfies the estimate:
F (x, t) ≥ −C(t+ 1) 1−ε1+ε , on M × [0, tmax) ,
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where 0 < C < +∞ is a constant depending only on n, ε, C1and C2.
Proof. Since we will use the two opposite estimates later in this paper,
for convenience, we sketch the proof here.
Without loss of generality , by replacing M by M×C2 if necessary, we may
assume that the dimension of M is ≥ 4 and
C3
(
r2
r1
)4
≤ V ol(B0(x, r2))
V ol(B0(x, r1))
≤
(
r2
r1
)2n
, 0 ≤ r1 ≤ r2 < +∞ , (2.7)
by the standard volume comparison, where C3 is a positive constant depending
only on n.
Denote ∇˜ to be the covariant derivatives with respect to the initial metric
g˜αβ¯(x) . Since the holomorphic bisectional curvature of g˜αβ¯(x) is nonnegative,
we know that the Ricci curvature is also nonnegative. Then by Theorem 1.4.2
of Schoen and Yau [SY] and a simple scaling argument, there exists a constant
C(n) > 0 depending only on n such that for any fixed point x0 ∈ M and any
number 0 < a < +∞, there exists a smooth function ϕ(x) ∈ C∞(M) satisfying


e
−C(n)
(
1+
d0(x,x0)
a
)
≤ ϕ(x) ≤ e−
(
1+
d0(x,x0)
a
)
,
∣∣∣∇˜ϕ(x)
∣∣∣
0
≤ C(n)
a
ϕ(x) ,
|∆0ϕ(x)|0 ≤ C(n)a2 ϕ(x) ,
(2.8)
for x ∈ M, where d0(x, x0) is the distance between x and x0 with respect to
the metric g˜αβ¯(x) and |·|0 is the corresponding norm.
By the volume growth (2.7), the manifold (M, g˜αβ¯) is parabolic. Let
G0(x, y) be the positive Green’s function on (M, g˜αβ¯) . From Li-Yau’s es-
timate for Green’s function and (2.7) we know that for x, y ∈M,

C−14 d0(x, y)
2
V ol(B0(x, d0(x, y)))
≤ G0(x, y) ≤ C4d0(x, y)
2
V ol(B0(x, d0(x, y)))
,
∣∣∣∇˜G0(x, y)
∣∣∣
0
≤ C5d0(x,y)
V ol(B0(x,d0(x,y)))
,
(2.9)
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for some positive constants C4, C5 depending only on n.
Denote
Ωα = {y ∈M |G0(x, y) > α} for any α > 0 .
By the differential inequality (2.6), we have for any x0 ∈ M and any t ∈
[0, tmax),
F (x0, t) =
∫
Ωα
(α−G0(x0, y))∆0F (y, t)dV0(y)−
∫
∂Ωα
F (y, t)
∂G0(x0, y)
∂ν
dσ(y)
≥ −
∫
Ωα
G0(x0, y)R(y, 0)dV0(y)−
∫
∂Ωα
F (y, t)
∂G0(x0, y)
∂ν
dσ(y) . (2.10)
Let r(α) ≥ 1 be a number such that
r(α)2
V ol(B0(x0, r(α)))
= α . (2.11)
Then by (2.7), (2.9) and the assumption (ii) , we have
C−16 r(α) ≤ d0(x0, y) ≤ C6r(α) , for any y ∈ ∂Ωα , (2.12)
−
∫
∂Ωα
F (y, t)
∂G0(x0, y)
∂ν
dσ(y) ≥ C5r(α)
V ol(B0(x0, r(α)))
∫
∂Ωα
F (y, t)dσ(y) ,
(2.13)
and
−
∫
Ωα
G0(x0, y)R(y, 0)dV0(y) ≥ −
∫
B(x0,C6r(α))
G0(x0, y)R(y, 0)dV0(y)
≥ −C7(r(α))1−ε , (2.14)
where C6, C7 are positive constants depending only on C1, C2 and n .
Substituting (2.13), (2.14) into (2.10) and integrating from α
2
to α , one
readily get
F (x0, t) ≥ −C8r(α)1−ε + C8
V ol(B0(x0, r(α)))
∫
B0(x0,C6r(α))
F (y, t)dV0(y) ,
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for some positive constant depending only on ε, C1, C2 and n .
Then by (2.12) and (2.7) , we obtain that for any a > 0,
F (x0, t) ≥ −C9a1−ε + C9
V ol(B0(x0, a))
∫
B0(x0,a)
F (y, t)dV0(y) , (2.15)
where C9 is a positive constant depending only on ε, C1, C2 and n.
On the other hand , by multiplying the differential inequality (2.5) by the
function ϕ(x) in (2.8) and integrating by parts, we get
∂
∂t
∫
M
ϕ(x)eF (x,t)dV0 ≥
∫
M
(∆0F (x, t)−R(x, 0))ϕ(x)dV0
≥ C(n)
a2
∫
M
F (x, t)ϕ(x)dV0 −
∫
M
R(x, 0)ϕ(x)dV0 .
By (2.8) and the assumption (i) (ii), it is easy to see that
∫
M
R(x, 0)ϕ(x)dV0 ≤ C11
a1+ε
V ol(B0(x0, a))
for some positive constant depending only on n . Then we have
∫
M
ϕ(x)(1− eF (x,t))dV0 ≤ C11t
a1+ε
V ol(B0(x0, a)) +
C(n)t
a2
∫
M
(−F (x, t))ϕ(x)dV0.
(2.16)
Denote
Fmin(t) = inf{F (x, t)|x ∈M} .
It is clear that
∫
M
ϕ(x)(1− eF (x,t))dV0 ≥ 1
2(1− Fmin(t))
∫
M
(−F (x, t))ϕ(x)dV0 . (2.17)
Therefore we get from (2.16) and (2.17),
1
V ol(B0(x0, a))
∫
B0(x0,a)
F (x, t)dV0 ≥ −C12t(1− Fmin(t))
(
1
a1+ε
− Fmin(t)
a2
)
,
(2.18)
for any a > 0 and t ∈ [0, tmax), where C12 is a positive constant depending
only on ε, C1, C2 and n.
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Combining (2.15) and (2.18) , we deduce that
Fmin(t) ≥ −C9a1−ε − C9C12(1− Fmin(t))
(
t
a1+ε
− t
a2
Fmin(t)
)
, (2.19)
for any a > 0 and t ∈ [0, tmax) . By taking a = C13(t + 1) 12 (−Fmin(t)) 12 with
C13 large enough , we then get the desired estimate
Fmin(t) ≥ −C(t + 1)
1−ε
1+ε , for t ∈ [0, tmax) .
Q.E.C.
Next we are going to prove that the maximal volume growth condition is
preserved under the Ricci flow (2.1) (or (2.1)
′
) . More precisely, we have
Lemma 2.2 Suppose (M, g˜αβ¯) is a complete noncompact Ka¨hler man-
ifold of complex dimension n ≥ 2 with bounded and nonnegative bisectional
curvature. Suppose for a fixed base point x0 there exist positive constant
C1, C2 and 0 < ε < 1 such that
(i) V ol(B(x0, r)) ≥ C1r2n , 0 ≤ r < +∞ ,
(ii) R(x) ≤ C2
1+d(x0,x)1+ε
, x ∈M .
Let gαβ¯(·, t) be the solution of the Ricci flow (2.1)′ with g˜αβ¯ as initial metric,
and let V olt(Bt(x0, r)) be the volume of the geodesic ball of radius r and
centered at x0 with respect to the metric gαβ¯(·, t). Then
V olt(Bt(x0, r)) ≥ C1r2n (2.20)
for all t ∈ [0, tmax) and 0 ≤ r < +∞.
Proof. We have already noticed that the Ricci curvature of the solution
gαβ¯(·, t) is nonnegative . That says the metric is shrinking under the flow (2.1)′.
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Thus we have
V olt(Bt(x0, r)) ≥ V olt(B0(x0, r))
=
∫
B0(x0,r)
eF (x,t)dV0
= V ol(B0(x0, r)) +
∫
B0(x0,r)
(eF (x,t) − 1)dV0 (2.21)
Clearly the assumptions of Lemma 2.2 are stronger then those of Lemma 2.1.
Then we can use (2.8) and (2.16) to deduce
∫
B0(x0,r)
(eF (x,t) − 1)dV0 ≥ C3
∫
M
(eF (x,t) − 1)ϕ(x)dV0
≥ C4t
[
Fmin(t)
r2
− 1
r1+ε
]
· V ol(B0(x0, r))
for some positive constants C3, C4 depending on C1, C2 and n.
Substituting the above inequality into the right hand side of (2.21) and
dividing by r2n, we have
lim
r→+∞
V olt(Bt(x0, r))
r2n
≥ lim
r→+∞
V ol(B0(x0, r))
r2n
≥ C1 .
Hence the standard volume comparison theorem implies (2.20). Q.E.C.
3. The Proof of Theorem 1.1 and 1.2
In this section we will prove Theorem 1.1 and 1.2 simutaneously.
First, let us recall the local injectivity radius estimate of Cheeger, Gromov
and Taylor [CGT], which says that for any complete Riemannian manifold N
of dimension m with λ ≤ sectional curvatures of N ≤ Λ, let r be a positive
constant and r < pi
4
√
Λ
if Λ > 0, the injetivity radius of N at a point P can be
bounded from below as follows
injN (P ) ≥ r V ol(B(P, r))
V ol(B(P, r)) + V 2m(2r)
, (3.1)
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where V m(2r) denotes the volume of a ball of radius 2r in the m−dimensional
model space V m with constant sectional curvature λ.
In particular , it implies that for a complete Riemannian manifold N of
dimension m with the sectional curvature bounded between −1 and 1 , the
injectivity radius at a point P can be estimated as follows
injN (P ) ≥ 1
2
V ol(B(P, 1
2
))
V ol(B(P, 1
2
)) + V
(3.2)
for some positive constant V depending only on m. Further, if in addition N
satisfies the maximal volume growth condition
V ol(B(x0, r)) ≥ C1rm , 0 ≤ r ≤ +∞ ,
then (3.2) gives
injN (P ) ≥ C > 0 (3.3)
for some positive constant C depending only on C1 and m.
Consider (M, g˜αβ¯) to be a complete noncompact Ka¨hler manifold with com-
plex dimension n ≥ 2 and satisfying the assumptions of Theorem 1.1 (or Theo-
rem 1.2). Let gαβ¯(·, t) be the maximal solution of the Ricci flow (2.1)′. Lemma
2.1 tells us that
det(gαβ¯(x, t))
det(gαβ¯(x, 0))
≥ e−C(t+1)
1−ε
1+ε
, on M × [0, tmax),
which together with (2.4) implies
gαβ¯(x, 0) ≥ gαβ¯(x, t) ≥ e−C(t+1)
1−ε
1+ε
gαβ¯(x, 0), on M × [0, tmax).
Since the Ricci flow equation (2.1)
′
is the parabolic version of the complex
Monge-Ampe`re eqution on the Ka¨hler manifold, the above inequality is cor-
responding to the second order estimate for the Monge-Ampe`re eqution. It is
well known that the third order and higher order estimates for Monge-Ampe`re
were developed by Calabi and Yau. Similarly, by adapting the Calabi and
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Yau’s arguments, Shi proved in [Sh4] that the derivative and higher order es-
timates for gαβ¯(x, t) are uniformly bounded on any finite time interval. In
particular, this implies that the solution gαβ¯(·, t) exists for all t ∈ [0,+∞). On
the other hand, by applying the differential Harnack inequality of Cao [Ca],
we know that tR(·, t) is nondecreasing in time. It then follows from (2.3) that
for x ∈M and t ∈ [0,+∞),
− F (x, 2t) =
∫ 2t
0
R(x, s)ds
≥
∫ 2t
t
R(x, s)ds
≥ tR(x, t)
∫ 2t
t
1
s
ds
= (log 2) · tR(x, t) . (3.4)
Combining (3.4) with Lemma 2.1, we get
R(x, t) ≤ C3(t+ 1)
−2ε
1+ε , (3.5)
for some positive constant C3 depending only on ε, C1, C2 and n.
Moreover by using the derivative estimates of Shi (see [Sh1] or Theorem
7.1 of Hamilton [Ha1]), we have
|∇pRijkl(x, t)| ≤ C(ε, C1, C2, n, p)(t+ 1)−
ε
1+ε
(p+2) , (3.6)
for x ∈M, t ≥ 1 and any integer p ≥ 0.
We have shown in Lemma 2.2 that the maximal volume growth condition
is preserved under the flow (2.1)
′
. By a standard scaling argument , it follows
from (3.3) and (3.5) that the injectivity radius ofM with respect to the metric
gαβ¯(·, t) has the following estimate
inj(M, gαβ¯(·, t)) ≥ C4(t+ 1)
ε
1+ε , (3.7)
where C4 is a positive constant depending only on ε, C1, C2 and n.
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Since the Ricci curvature of gαβ¯(·, t) is nonnegative for all x ∈ M and
t ≥ 0, we know from the equation (2.1)′ that the ball Bt
(
x0,
C4
2
(t+ 1)
ε
1+ε
)
,
of radius C4
2
(t + 1)
ε
1+ε with respect to the metric gαβ¯(·, t), contains the ball
B0
(
x0,
C4
2
(t+ 1)
ε
1+ε
)
, of the same radius with respect to the metric g˜αβ¯ =
gαβ¯(·, 0).Thus we deduce from (3.7) that
pip(M) = 0 and piq(M,∞) = 0 (3.8)
for any p ≥ 1, 1 ≤ q ≤ 2n − 2, where piq(M,∞) is the q−th homotopy group
of M at infinity.
Then by the resolutions of generalised Poincare´ conjecture ( see [F], [Sm]
), we know that M is homeomorphic to R2n. Notice Gompf
′
s result says that
among the Euclidean spaces only R4 has exotic differential structures. So for
n > 2 the homeomorphisms can be maken to be diffeomorphisms. This gives
the proof of the part (1) of Theorem 1.2 .
Also the injectivity radius estimate (3.7) tells us the exponential map pro-
vides a diffeomorphism between the balls ofM and the Euclidean space. In the
following we want to modify the exponential maps to become biholomorphims.
Let Tx0M denote the real tangent space of M at x0, JM denote the com-
plex structure of Tx0M . For fixed t, choose a standard orthonormal basis
{e1, JMe1, · · ·, en, JMen} of Tx0M . Since the metric gαβ¯(·, t) is a family of
smooth Ka¨hler metrics, we may assume the basis is smooth in time.
For any v ∈ Tx0M ,one can write
v = x1e1 + y1JMe1 + ...+ xnen + ynJMen .
We now construct a real linear isomorphism L : Tx0M →Cn defined by
L(v) = (z1, z2, ...zn) ∈ Cn ,
where zi = xi+
√−1yi , i = 1, 2, · · · , n. It is also clear that L varies smoothly in
t. Equip Cn with the standard flat Ka¨hler metric. Let ∇ˆ denote the covariant
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derivative and Bˆ(0, r) denote the ball of radius r with respect to this standard
metric.
Let us use exp tx0 to denote the exponential map with respect to the met-
ric gαβ¯(·, t). By (3.7), the map ϕt = exp tx0 ◦ L−1 is a diffeomorphism from
Bˆ
(
0, C4
2
(t+ 1)
ε
1+ε
)
to the geodesic ball Bt
(
x0,
C4
2
(t+ 1)
ε
1+ε
)
ofM with repect
to the metric gαβ¯(·, t), and the map is nonsingular on Bˆ
(
0, C4
2
(t+ 1)
ε
1+ε
)
.Let
us write the solution gαβ¯(·, t) in real coordinates as gij(·, t) . We consider the
pull back metric
ϕ∗t (gij(·, t)) = g∗ij(·, t)dxidxj , on Bˆ
(
0,
C4
2
(t+ 1)
ε
1+ε
)
. (3.9)
Clearly we can also write the pull back metric in the complex coordinates of
Cn as
ϕ∗t (gij(·, t)) = g∗AB(·, t)dzAdzB , on Bˆ(0,
C4
2
(t+ 1)
ε
1+ε ) , (3.10)
where A,B = α or α¯(α = 1, 2, ...n). Since ϕt is not holomorphic in general
, the metric g∗AB(·, t) is not Hermitian with respect to the standard complex
structure of Cn
Notice that g∗AB(·, t) is just the representation of the metric gαβ¯(·, t) in
geodesic coordinates .The following lemma due to Hamilton ( Theorem 4.10
in [Ha2] ) is useful to estimate g∗AB(·, t).
Lemma 3.1 Suppose the metric gijdx
idxj is in geodesic coordinates.
Suppose the Riemannian curvature Rm is bounded between −B0 and B0. Then
there exist positive constants c, C0 depending only on the dimension such that
for any |x| ≤ c√
B0
, the following holds
|gij − δij | ≤ C0B0 |x|2 .
Furthermore, if in addition |∇Rm| ≤ B0 and |∇2Rm| ≤ B0 , then∣∣∣∣ ∂∂xj gkl
∣∣∣∣ ≤ C0B0 |x| and
∣∣∣∣ ∂
2
∂xi∂xj
gkl
∣∣∣∣ ≤ C0B0
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for any |x| ≤ c√
B0
.
Applying this lemma to the evolving metric gαβ¯(·, t) , we can find pos-
itive constants c¯, C5 depending only on ε, C1, C2 and n such that for any
z ∈ Bˆ
(
0, c¯(t + 1)
ε
1+ε
)
and t ∈ [1,+∞),
∣∣∣g∗αβ¯(z, t)− δαβ
∣∣∣
t
≤ C5 |z|2 (t+ 1)−
2ε
1+ε , (3.11)
∣∣g∗α¯β(z, t)− δαβ∣∣t ≤ C5 |z|2 (t+ 1)− 2ε1+ε , (3.12)∣∣g∗αβ(z, t)∣∣t ≤ C5 |z|2 (t+ 1)− 2ε1+ε , (3.13)∣∣∣g∗α¯β¯(z, t)
∣∣∣
t
≤ C5 |z|2 (t+ 1)−
2ε
1+ε , (3.14)∣∣∣∇ˆg∗AB(z, t)
∣∣∣
t
≤ C5 |z| (t+ 1)−
2ε
1+ε , (3.15)∣∣∣∇ˆ∇ˆg∗AB(z, t)
∣∣∣
t
≤ C5(t + 1)−
2ε
1+ε , (3.16)
where |·|t is the norm with respect to the metric g∗ij(z, t).
By a further restriction on the small constant c¯, we may assume that in
the real coordinates
1
2
g∗ij(z, t) ≤ δij ≤ 2g∗ij(z, t) . (3.17)
Let ϕ∗tJM and ∂¯
t = ϕ∗t (∂¯) be the pull back complex structure and ∂¯-
operator of M on Bˆ
(
0, c¯(t+ 1)
ε
1+ε
)
. It is obvious that ϕt is holomorphic
with respect to the pull back complex structure ϕ∗tJM .But the functions z
α
(α = 1, 2, ...n) are not holomorphic with respect to ϕ∗tJM in general. This
just indicates the difference of the pull back complex structure ϕ∗tJM with
the standard complex srtucture JCn on Bˆ
(
0, c¯(t+ 1)
ε
1+ε
)
. However we can
estimate the difference as follows.
Let us denote {x1, ..., xn, xn+1, ...x2n} = {x1, ..., xn, y1, ...yn} as real coordi-
nates for Bˆ(0, c¯(t+ 1)
ε
1+ε ) . We then write
ϕ∗tJM = J
i
j(x, t)
∂
∂xi
⊗ dxj and JCn = Jˆ ij
∂
∂xi
⊗ dxj .
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By definition,J ij(x, t) is just the representation of the complex structure JM
in the normal coordinate at x0,and J
i
j(0, t) = Jˆ
i
j(0). Denote ∇t and Γtkij by
the covariant derivative and Christoffel symboles with respect to the pull back
metric g∗ij(·, t)of gαβ¯(·, t) on Bˆ
(
0, c¯(t + 1)
ε
1+ε
)
.
Set
H
j
k = Jˆ
j
k − J jk .
By the kahlerity of JM , we have
xi∇tiHjk = xiΓtjipJˆpk − xiΓtpikJˆ jp . (3.18)
Since the metric g∗ij(·, t) is actually the representation of gαβ¯(·, t) in geodesic
coordinates, it follows from the Gauss Lemma (see also Lemma 4.1 of [Ha2])
that
g∗ijx
i = δijx
i , on Bˆ(0, c¯(t+ 1)
ε
1+ε ) . (3.19)
As in [Ha2], we introduce the symmetric tensor
Aij =
1
2
xk
∂
∂xk
g∗ij .
By (3.19), we get
xk
∂
∂xi
g∗jk = δij − g∗ij = xk
∂
∂xj
g∗ik ,
and hence from the formula for Γtkij , it follows
xjΓtijk = g
∗ilAkl . (3.20)
Combining (3.17), (3.18) and (3.20), we get
∣∣xi∇tiHjk∣∣t ≤ C6 |Apq|t , on Bˆ
(
0, c¯(t+ 1)
ε
1+ε
)
, (3.21)
where C6 is a positive constant depending only on n.
The following lemma due to Hamilton [Ha2] gives an estimate for |Apq|.
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Lemma 3.2 There exist constants c > 0 and C0 < ∞ such that if
the metric gij is in geodesic coordinates with |Rm| ≤ B0 in the ball of radius
r ≤ c√
B0
, then
|Aij | ≤ C0B0r2 .
Proof. This is Theorem 4.5 of [Ha2]. Q.E.C.
In our context, this lemma implies
∣∣xi∇tiHjk∣∣t ≤ C7 |x|2 (t+ 1)− 2ε1+ε , on Bˆ(0, c¯(t+ 1) ε1+ε ) , (3.22)
for some positive contant C7 depending only on ε, C1, C2 and n.
Set
M(r) = sup
{|x|≤r}
∣∣Hjk∣∣t .
Suppose in the ball |x| ≤ r, ∣∣Hjk∣∣t achieves its maximum at x0. Then by
(3.22) and the fact that Hjk(0) = 0, we have
M(r)2 =
∫ 1
0
∂
∂s
∣∣Hjk(sx10, · · ·, sx2n0 )∣∣2t ds
= 2
∫ 1
0
〈Hjk(sx10, · · ·, sx2n0 ), xi0∇tiHjk(sx10, · · ·, sx2n0 )〉tds
≤ M(r) · C7r2(t+ 1)−
2ε
1+ε .
Therefore we get the following estimate for the difference of the two complex
structures ϕ∗tJM and JCn,
M(r) ≤ C7r2(t+ 1)−
2ε
1+ε on Bˆ(0, c¯(t+ 1)
ε
1+ε ) . (3.23)
Since zα(α = 1, 2, ...n) are holomorphic with respect to JCn , we get from (3.17)
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and (3.23) that
∣∣∂¯tzα∣∣
t
≤
∑
i
∣∣∣∣ ∂∂xi zα +
√−1ϕ∗tJM(
∂
∂xi
)zα
∣∣∣∣
t
≤
∑
i
∣∣∣∣ ∂∂xi zα +
√−1JCn( ∂
∂xi
)zα
∣∣∣∣
t
+
∑
i
∣∣∣∣(ϕ∗tJM − JCn)( ∂∂xi )zα
∣∣∣∣
t
=
∑
i
∣∣∣∣(ϕ∗tJM − JCn)( ∂∂xi )zα
∣∣∣∣
t
≤ C8 |z|2 (t+ 1)−
2ε
1+ε , (3.24)
for some positive constant C8 depending only on ε, C1, C2 and n.
For any fixed t ≥ 1, we define
r(t) = (
c¯
2
)
1
2 (t + 1)
ε
2(1+ε)
and consider the ∂¯−equation
∂¯ξα(z, t) = ∂¯zα, z ∈ Bˆ(0, r(t)), α = 1, 2, · · · , n . (3.25)
By (3.24), we know
∣∣∂¯tzα∣∣
t
≤ C8( c¯
2
)(t+ 1)−
ε
1+ε , on Bˆ(0, r(t)) , α = 1, 2, · · · , n . (3.26)
When the positive constant c¯ is chosen small enough, the estimates (3.11)-
(3.16) imply the metric g∗ij(·, t) can be arbitrarily close to the standard Ka¨hler
metric on B
(
0, c¯(t + 1)
ε
1+ε
)
. Thus the sphere ∂Bˆ(0, r(t)) must be strictly
convex with respect to the metric g∗ij(·, t) (i.e. the second fundamental form
of ∂Bˆ(0, r(t)) with respect to metric g∗ij(·, t) is strictly positive).
Then by using L2 estimate theory for ∂¯−operator ( see the book of Ho¨rmander
[Ho¨] ), from (3.6), (3.11)-(3.17) and (3.26) we know that (3.25) has smooth
solutions {ξα(z, t)|α = 1, 2, ...n} such that for α = 1, 2, · · · , n,
|ξα(z, t)| ≤ C9
r(t)
(3.27)
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and ∣∣∣∇ˆξα(z, t)
∣∣∣ ≤ C9
r(t)2
(3.28)
on Bˆ(0, r(t)), where C9 is a positive constant depending only on ε, C1, C2 and
n.
We now define a new map Φt = (Φ
1
t ,Φ
2
t , ...Φ
n
t ) : Bˆ(0, r(t))→ Cn by
Φαt = z
α − ξα(z, t) , α = 1, 2, · · · , n .
The equation (3.25) says that Φt is holomorphic from Bˆ(0, r(t)) equipped
with the pull back complex structure ϕ∗tJM to C
n equipped with standard
complex structure. When t is large enough , the estimate (3.27) and (3.28)
imply Φt is a diffeomorphism from Bˆ(0, r(t)) to Φt(Bˆ(0, r(t)))(⊂Cn) and
Bˆ
(
0,
1
2
r(t)
)
⊂ Φt(Bˆ(0, r(t))) ⊂ Bˆ(0, 2r(t)) . (3.29)
Thus the map Φt ◦ϕ−1t is a holomorphic and injective map from Bt(x0, r(t))(⊂
M) to Cn (equipped with the standard complex structure). It follows direcly
from (3.29) that the image of the ball Bt(x0, r(t)) of radius r(t) with respect
to the metric gαβ¯(·, t) contains the Euclean ball Bˆ
(
0, r(t)
2
)
(⊂Cn).
Denote
Ωt =
(
Φt ◦ ϕ−1t
)−1(
Bˆ
(
0,
r(t)
2
))
.
As noted before, the Ricci flow (2.1) is shrinking, so by the virtue of (3.29) ,
for any t,
Ωt ⊃ Bt
(
x0,
r(t)
4
)
⊃ B0
(
x0,
r(t)
4
)
.
Hence there exists a sequence of tk → +∞, as k →∞, such that
M =
∞⋃
k=1
Ωtk and Ωt1 ⊂ Ωt2 ⊂ · · · .
Since each Ωtk(k = 1, 2, ...) is biholomorphic to the unit ball of C
n, (Ωtk ,Ωtl)
is Runge pair for any k, l. Then we can appeal to a theorem of Markoe [Ma]
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( see also Siu [Si] ) to conclude that M is a Stein manifold. This completes
the proof of Theorem1.1.
Note that Ωtk(k = 1, 2, ...) are a sequence of exhaustion domains of M
such that each of them is biholomorphic to the unit ball of Cn. Then by the
Steiness of M, one can repeat the gluing argument of Shi in Section 9 of [Sh4]
to construct a biholomorphic map fromM to a pseudoconvex domain of Cn. In
his paper [Sh4], Shi assumed the positivity of Riemannian sectional curvature
of M to ensure the Steiness of the manifold. Thus we get the proof for the
part (2) of Theorem1.2 .
Therefore we have completed the proof of Theorem 1.1 and Theorem1.2.
4. A Gap Theorem
In this section we are interested in the question that how much the curva-
ture could have near the infinities for complete noncompact Ka¨hler manifolds
with nonnegative bisectional curvature. The curvature behavior of a complete
Riemannian surface is quite arbitrary. For example, it is easy to construct
complete metrics on R2 from surface of revolution such that their curvatures
are zero outside some compact set, nonnegative everywhere, and positive some-
where. It is surprising that the corresponding situation can not occur for higher
dimentions. The isometrically embedding theorem of Mok, Siu and Yau stated
before implies that there cannot too less positive bisectional curvature near the
infinity for a (complex) n−dimensional Ka¨hler manifold with n ≥ 2. Recently,
Ni [N] extended the Mok-Siu-Yau’s result to some nonmaximal volume growth
Ka¨hler manifolds. Here we give a further generalization as follows:
Theorem 4.1 Suppose M is a complete noncompact Ka¨hler manifold
of complex dimension n ≥ 2 with bounded and nonnegative holomorphic bi-
sectional curvature. Suppose there exists a positive function ε : R → R
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with lim
r→+∞
ε(r) = 0, such that for any x0,
1
V ol(B(x0, r))
∫
B(x0,r)
R(x)dv ≤ ε(r)
r2
.
Then Mn is isometrically biholomorphic to a flat complete Ka¨hler manifold.
Proof. Suppose the metric in the theorem is g˜αβ¯(·). Consider the Ricci
flow 

∂
∂t
gαβ(x, t) = −Rαβ(x, t) , x ∈M , t > 0 ,
gαβ¯(x, 0) = g˜αβ¯(x) , x ∈M .
(4.1)
Let F (x, t) be the nonpositive function defined in (2.2). In Section 2 we have
known that F (x, t) satisfies the following two differential inequalities
eF (x,t)
∂F (x, t)
∂t
≥ ∆0F (x, t)− R(x, 0) , (4.2)
and
∆0F (x, t) ≤ R(x, 0) , x ∈M , t ≥ 0 , (4.3)
where △0 is the Laplace operator with respect to the initial metric g˜αβ¯.
Exactly as in the proof of (2.18), we can get from (4.2) that for any x0 ∈M
and any a > 0,
1
V ol(B0(x0, a))
∫
B0(x0,a)
F (x, t)dV0 ≥ −C1t
a2
(1− Fmin(t))2 , (4.4)
where C1 is a positive constant depending only on n and the function ε(r).
While by using (4.3), a slight modification of the proof for (2.15) gives the
estimate
F (x0, t) ≥ −ε˜(a) log(2 + a) + C2
V ol(B0(x0, a))
∫
B0(x0,a)
F (x, t)dV0 (4.5)
for any a > 0, x0 ∈ M and t > 0. Here ε˜(r) is some continuous positive
function with lim
r→+∞
ε˜(r) = 0 and C2 is a positive constant depending only on
n and the function ε(r).
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Choose x0 ∈M such that F (x0, t) ≤ 12Fmin(t). We get from (4.4) and (4.5)
that for any a > 0,
Fmin(t) ≥ −2ε˜(a) log(a+ 2)− 2C1C2t
a2
(1− Fmin(t))2 . (4.6)
By taking a = (2 + t)(1− Fmin(t)), we get
Fmin(t) + log(1− Fmin(t)) ≥ −C3
[
˜˜ε(t) log(2 + t) + 1
]
(4.7)
where C3 is a positive constant depending only on n and ε(r), ˜˜ε(t) is a positive
function with lim
r→+∞
˜˜ε(r) = 0.
In particular, it follows from (4.7)
lim
t→+∞
Fmin(t)
log(2 + t)
= 0 . (4.8)
On the other hand , by the differential Harnack inequality of Cao [Ca] as
before, we have
− F (x, 2t) =
∫ 2t
0
R(x, s)ds
≥ tR(x, t)
∫ 2t
t
1
s
ds
= (log 2) · tR(x, t) . (4.9)
The combination of (4.8) and (4.9) implies that the solution gαβ¯(·, t) of the
Ricci flow (4.1) exists for all time t > 0.By using the differential Harnack
inequality again, we get for t > 1,
− F (x, t) =
∫ t
0
R(x, s)ds
≥
∫ t
√
t
R(x, s)ds
≥
√
tR
(
x,
√
t
)∫ t
√
t
1
s
ds
=
(
1
2
log t
)
·
(√
tR
(
x,
√
t
))
, (4.10)
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which together with (4.8) implies
lim
t→∞
√
tR
(
·,
√
t
)
= 0 , (4.11)
While
√
tR
(·,√t) is nondecreasing in time by the differential Harnack
inequality, therefore we conclude that
R(x, t) = 0 on M × [0,+∞) .
This completes the proof of the theorem. Q.E.C.
5. A Remark on Shi’s Flat Metric
In [Sh3], Shi studied the following Ricci flow on Ka¨hler manifolds,


∂
∂t
gαβ(x, t) = −Rαβ(x, t) , x ∈M , t > 0 ,
gαβ¯(x, 0) = g˜αβ¯(x) , x ∈M .
(5.1)
where (M, g˜αβ¯) is a complete noncompact Ka¨hler manifold of complex dimen-
sion n with positive holomorphic bisectional curvature.
He introduced the following Harnack quantity
Q(x, t) =
{
1 + gαδ¯(x, t)gγβ¯(x, t)gξς¯(x, 0)∇˜ξgαβ¯∇˜ζ¯gγδ¯(x, t)
} 1
2
,
where ∇˜ is the covariant derivative with respect to the initial metric g˜αβ¯. By
a direct computation, one can get
∂Q
∂t
≤ C(n) ∣∣∇γRαβ¯∣∣t , (5.2)
where |·|t is the norm with respect to the evolving metric gαβ¯(·, t). As seen in
the previous sections, under the assumptions that for a fixed x0 ∈M,
(i) V ol(B0(x0, r)) ≥ C1r2n , 0 ≤ r < +∞ ,
(ii) R(x, 0) ≤ C2
1+d(x0,x)2
, x ∈M ,
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the Ricci flow (5.1) exists for all time t ≥ 0. Furthermore Shi [Sh3] proved the
quantity Q(x, t) is uniformly bounded on M × [0,+∞).
Let S(M) be the sphere bundle with respect to the initial metric g˜αβ¯.
Since the holomorphic bisectional curvature is positive , the holonomy group
is transitive on S(M). For any two elements (x, v), (y, w) ∈ S(M), suppose
γ : [0, 1] → M is a piecewise smooth curve such that γ(0) = x, γ(1) = y and
V (s) is a parallel vector field along γ such that V (0) = v, V (1) = w. At the
smooth point γ(s) of γ, let
θ(s) =
γ′(s)
|γ′(s)|
be the unit tangent vector of γ at γ(s).
Since Q is bounded , it follows from the definition of Q that
∣∣∣∇˜θ(s) log gV (s)V¯ (s)(γ(s), t)
∣∣∣2
0
=
1
[gV (s)V¯ (s)(γ(s), t)]2
[
∇˜θ(s)gV (s)V¯ (s)(γ(s), t)
]2
≤ const .
Integrating from γ(0) to γ(1) along γ, we get∣∣∣∣log gww¯(y, t)gvv¯(x, t)
∣∣∣∣ ≤ const · |γ| , (5.3)
where |γ| is the length of γ with respect to the initial metric g˜αβ¯.
We now fix a point (x0, v0) ∈ S(M) and define
U(t) = gv0v¯0(x0, t) , 0 ≤ t < +∞
and
gˆαβ¯(x, t) =
1
U(t)
gαβ¯(x, t) , on M × [0,∞) .
Since Ricci flow (5.1) is shrinking, we have U(t) ≤ 1 for t ∈ [0,+∞). Thus
the estimates (3.5),(3.6) on the curvature of gˆαβ¯(x, t) and its derivatives still
hold . Combining with (5.3) one can choose a sequence of times tk → +∞
such that
gˆαβ¯(·, tk)→ gˆαβ¯(x,∞) ,
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in the C∞loc topology of M, where gˆαβ¯(x,∞) is a smooth flat metric on M (by
the decay estimate(3.5)). Clearly one cannot ensure the completeness for the
limit metric gˆαβ¯(x,∞).
From the above argument, one can see that once we have a bound on the
Harnack quantity Q, then we can construct a flat Ka¨hler metric on the mani-
fold. However, in order to get a bound on Q, the quadratic decay assumption
(ii) can be weakened to the following condition
(ii)′ R(x, 0) ≤ C2
1 + d0(x, x0)
( 32+ε)
, x ∈M ,
where ε is an arbitrarily small positive constant .
In fact by the estimate (3.5) in Section3, we have
∣∣∇γRαβ¯∣∣t ≤ C3(t + 1)− 3+6ε3+2ε , on M × [0,+∞) . (5.4)
Since Q(·, 0) = 0, we deduce from (5.2) and (5.4) that
Q(x, t) ≤
∫ ∞
0
C(n)
∣∣∇γRαβ¯∣∣t dt ≤ C4 ,
where C4 is some positive constant depending only on ε, C1, C2 and n.
Hence we obtain the following result.
Proposition 5.1 Let M be a complete noncompact Ka¨hler manifold of
complex dimension n with positive holomorphic bisectional curvature. Suppose
the maximal volume growth condition (i) and 3
2
−decay assumption (ii)′ hold
for M. Then with respect to the complex structure we can construct a flat
Ka¨hler metric on M .
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